Multiplicity of ground states in quantum field 



models: applications of asymptotic fields 
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Abstract 

The ground states of an abstract model in quantum field theory are in- 
vestigated. By means of the asymptotic field theory, we give a necessary and 
sufficient condition for that the expectation value of the number operator of 
ground states is finite, from which we obtain a wide-usable method to estimate 
an upper bound of the multiplicity of ground states. Ground states of mass- 
less GSB models and the Pauli-Fierz model with spin 1/2 are investigated as 
examples. 
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1 Preliminaries 



1.1 Boson Fock spaces 

Let W be a Hilbert space over C with a conjugation ~. The boson Fock space T\, 
over W is defined by 

oo 
n=0 

oo 
n=0 

where (8)"W denotes the n-fold symmetric tensor product of W with (g)°>V := C. 
In this paper {f,g)K: and ||/I|/c denote the scalar product and the norm on Hilbert 
space JC over C, respectively, where {f,g)ic is linear in g and antilinear in /. Unless 
confusions arise we omit /C of (•, and || • D{T) denotes the domain of operator 
T. Moreover, for a bounded operator S, we denote its operator norm by \\S\\. 
Fock vacuum Q e is given by 

1^= {1,0,0,...}. 

The finite particle subspace of is defined by 

jFfi^ = {*^"^}~ e J^^bl*^""^ = for all m > n with some n}. 

It is known that jFfin is dense in JF^. The creation operator a^(/) : J-'h ^ J^h with 
test function / e W is the densely defined linear operator in jFb defined by 

(at(/)*)('^) = 0, 

where -S'^ is the symmetrization operator on (8)">V, i.e., 5'„[(8)">V] = (8)">V. The 
annihilation operator a(/), / e W, is defined by 

a(/) = (an7)rUn- 

Since it is seen that a(/) and a'''(/) are closable operators, their closures are denoted 
by the same symbols, respectively. Note that a'^{f) (a* = a or a'^) is linear in /. On 
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^fin the annihilation operator and the creation operator obey canonical commutation 
relations, 

[«(/), «^(^)] = {7,9)w, 
[a(/),a(^)]=0, 
[at(/),at(^)] = 0, 

where [A, B] := AB - BA. Define 

J^g, := the linear hull of {a\fi) ■ • • at(/„)Q, E DJ ^ 1, .., ,n > 1}. 

Let 5* be a self-adjoint operator acting in W. The second quantization of S, 

dr(S) : JP-b ^ J^b, 



is defined by 



with 



Here we define 



OD I n 



n=0 \i=l 



,5 



In particular it follows that 



D{dT{S)) ■.= tS}'\ 
(cir(5)*)(°) := 0. 

dv{s)n = 0. 



Note that 



(1.1) 



(1.2) 



From (1.2) it follows that, for / e D{S), 

[dT{S),a{f)] = -a{Sf), 
[dr{S),a^{f)]=a\Sf) 

on It is known that dV{S) is essentially self-adjoint. The self-adjoint exten- 

sion of dV{S) is denoted by the same symbol dT{S). It can be seen that unitary 
operator e**'''"^'^) acts as 



;i.3) 

;i-4) 
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Thus we see that that 



e^*'^r(^)a(/)e-**'^r(^) = a(e-^*^/), (1.5) 
gitdr(5)^t(y)e-^t<ir(5) ^ a\e''^f) (1.6) 

on jFfijj. For a self-adjoint operator T, we write its spectrum (resp. essential spec- 
trum, point spectrum) as cr(T) (resp. <Jess{T), ap{T)). It is known that 



a(cir(5)) = {0}Uu~i|EAj 
ap(dr(5)) = {0}Uu^=JEA, 



A,ea(5),j = l,...,n|, (1.7) 
A,e(7p(5),i = l,...,ni, (1.8) 



where {• • •} denotes the closure of set {• • •}. The second quantization of the identity 
operator 1 on W, dr{l), is referred to as the number operator, which is written as 

N :=(ir(l). 

We note that 

oo 

D{N'') = = {*^"^}~ ol E < oo}. 

n=0 

Prom (1.7) and (1.8) it follows that 

a{N) = ap{N) =NU{0}. 

1.2 Abstract interaction systems 

Let 7i be a Hilbert space. A Hilbert space for an abstract coupled system is given 

by 

and a decoupled Hamiltonian Hq acting in JF is of the form 
Assumptions (Al) and (A2) are as follows. 

(Al) Operator ^4 is a self-adjoint operator acting in Ti, and bounded from below. 



(A2) Operator 5" is a nonnegative self-adjoint operator acting in W. 

Total Hamiltonians under consideration are of the form 

H^Ho + gHi, (1.9) 

where g' G R denotes a coupling constant and Hi a symmetric operator. Assumption 
(A3) is as follows. 

(A3) Hi is i^o-bounded with 

\\Hi^\\ < a||i/o*|| + b\\^\\, * e D(Ho), 

where a and b are nonnegative constants. 

Under (A3), by the Kato-Rellich theorem, H is self-adjoint on D[Hq) and bounded 
from below for g with \g\ < 1/a. Moreover H is essentially self-adjoint on any core 
of Hq. The bottom of (t{H) is denoted by 

E{H) :=inf (7(//), 

which is referred to as the ground state energy of H. If an eigenvector ^ associated 
with E{H) exists, i.e., 

H^! = 

then is called a ground state of H. Let Et{B) be the spectral projection of 
self-adjoint operator T onto a Borel set S C M. We set 

Pt:^Et{{E{T)]). 

Then Ph denotes the projection onto the subspacc spanned by ground states of H. 
The dimension of PrJ^ is called the multiplicity of ground states of H, and it is 
denoted by 

n\{H) := dim PhT. 
If m(i7) — 1, then we call that the ground state of H is unique. 
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1.3 Expectation values of the number operator 

For Hamiltonians like as (1.9), the existence of a ground state ip^ such that 

has been shown by many authors, e.g., [3, 8, 9, 14, 15, 23, 37]. Conversely, if ip^ 
exists, little attention, however, has been given to investigate whether (1.10) holds 
or not. Then the first task in this paper is to give a necessary and sufficient condition 
for 

PhJ" ^D{1®N^'^). (1.11) 

As we will see later, to show (1.11) is also the primary problem in estimating an 
upper bound of m(if). 

1.4 Massive and massless cases 

Typical examples of Hilbert space W and nonnegative self-adjoint operator S are 

W = L2(R'^), (1.12) 
S — the multiphcation operator by uJi,{k) := \j\k\'^ + v"^. (1-13) 

In the case of > (resp. = 0), a model is referred to as a massive (resp. 
massless) model. Note that under (Al) and (A3), 

D{H) = D{Ho) = D{A 1) n D{1 ® dT{uj^)). (1.14) 

In a massive case, one can see that (1.11) is always satisfied. Actually in a massive 
case, we have D{dT(uj,y)) C D{N) and 

i||dr(a;^)*|| > IIA^^II, * e D{drM). 

Together with (1.14) we obtain that 

PhJ^ C D{H) C D{1 ® dT{u;^)) C D{1 ® iV) C D{1 ® N^^^). 
Hence (1.11) follows. Kernel a{k) of a(/), / e L^(]R''), is defined for each A; e M'^ as 
(a(A;)*)(") ih, kr,) - h, A;„) 



7 



and 

(a(/)*)(") = J f{k){a{k)^Y-^dk 
for ^ e \ and it is directly seen that 

/ \\a{k)^\\^dk = ||iVi/2^f , * e J^fi?°^*'^ (1.15) 

Prom (1.15), a(-)^ for e D{N^/'^) can be defined as an ^b-valued function on 
K*^ by 

a(-)*:=s- lim a(-)*m -^'^(K'^; ^b), 

where s — hnim^oo denotes the strong hmit in L (M , JF^) and sequence £ -^fin 

is such that — ^> ^ and A^^/^\l/m — iV^/^\l/ strongly as m — >■ oo. By an informal 

calculation, it can be derived pointwise that 

(1 ® a{k))(pg = g{H - E{H) + u{k))-\Hi, 1 ® a(A;)](^g. (1.16) 

Note that at least we have to assume (^g G D{1 ® N^/'^) for (1.16) to make a sense, 
and the right-hand side of (1.16) is also delicate. See e.g., [36, Lemma 2.6] and [12, 
p. 170, Conclusion ] for this point. For massive cases, (1 ® a{-))ipg is well defined as 
an JF- valued function on K'^, since (/9g G -D(l ® iV^/^), but of course it does not 
make sense pointwise. From (1.16) and (1.15) it follows that 

11(1® A^V2)(^^||2 /• \\(^H - E{H)+uj{k))-^[Hi,l^a{k)]ifigfdk. (1.17) 
We may say under some conditions that 

(/?g G L'(l A^^/^) and / \\{H-E{H)+uj{k)y^[Hi,l®a{k)]ipg\\'^dk<oo 
^ 11(1® ArV2)(^g||2^^2 f \\(^H - E{H)+uj{k))-'[Hi,l^a{k)]^^\\^dk. 

Although (1.17) has been applied to study ||(l(8)A^^/^)(/9gl| by many authors, it must 
be noted again that (1.17) is derived from informal formula (1.16). 

We are most interested in analysis of ground states for massless cases. In this 
case ifg G D{1 ® N^^"^) is not clear, and it is also not clear a priori that (1 a(k))(pg 
makes a sense. Then it is uncertain that identity (1.16) holds true for massless cases 
in some sense. Furthermore the fact that the right-hand side of (1.17) is finite does 
not play a role in a criterion for whether (fg G D(l ® N^^"^) or not, since, at least, 
we have to assume ifg G D{1 ® iV^/^) in (1.16). 
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Because of the tedious argument involved in establishing (1.16) pointwise, a quite 
different method is taken to show (1-17) in this paper. We will show under some 
conditions that 

ip^e D{l(g)N'^/'^) ^ f \\{H -E{H)+Lu{k))-'^[Hi,l®a{k)](pJ'^dk < oo, (1.18) 

and (1.17) follows when the right or left-hand side of (1.18) holds. The method is 
an application of the fact that asymptotic annihilation operators vanish arbitrary 
ground states. See (1.23). As a result, (1.17) and (1.18) can be valid rigorously 
for both massive and massless cases without using (1.16). As far as we know, this 
method is new, cf., see [5, 6, 19, 20]. By means of (1.18) we can find a condition for 

Pi/j^c D(l® ArV2). 
1.5 Multiplicity 

Generally, in the case where E{H) is discrete, the min-max principle [35] is available 
to estimate the multiplicity of ground states. Actually the ground state energy of 
a massive generalized-spin-boson (GSB) model with a sufficiently weak coupling is 
discrete. Hence the min-max principle can be applied for this model [3]. However, 
for some typical models, e.g., massless GSB models, the Pauh-Fierz model, and 
the Nelson model [31], etc., their ground state energy is the edge of the essential 
spectrum, namely it is not discrete. See also [2, 22]. Then the min-max principle 
does not work at all. 

Instead of the min-max principle, we can apply an infinite dimensional version 
of the Perron-Probenius theorem [16, 17] to show the uniqueness of its ground state. 
I.e., in a Schrodinger representation, 

(*, e-*-^$) > 0, * > (^ 0), $ > (^ 0), (1.19) 

implies m{H) = 1. Property (1.19) is called that e''^^ is positivity-improving. 
The Perron- Frobenius theorem has been applied for some models, e.g., the Nelson 
model in [8], and the spinless Pauli-Fierz model in [24]. It is, however, for, e.g., the 
Pauli-Fierz model with spin 1/2, Hpp, we can not apply the Perron-Frobenius the- 
orem, since, as far as we know, a suitable representation for e"*^^^ to be positivity- 
improving can not be constructed. 

In this paper, applying the fact Ph^ C D(l0 N^^"^), we establish a wide-usable 
method to estimate an upper bound of the multiplicity of ground states under some 
conditions. 



9 



1.6 Main results and strategies 

The main results are (ml) and (m2). 

(ml) We give a necessary and sufficient condition for PhJ^ C D{1 ® N^/"^). 
(m2) We prove m.[H) < m{A) under some conditions. 
Strategies are as follows. It is proven that 

CXD 

ip^ e D{1 (8) ArV2) ^ ^ 11(1 ^ a{em)W^f < oo, (1.20) 



m=l 



where {em}m=i is an arbitrary complete orthonormal system of W. When the left 
or right-hand side of (1-20) holds, it follows that 

oo 

^ 11(1 ® a(e^))^g||2 = 11(1 ® N'/')^,f. (1.21) 

m=l 

Let us define an asymptotic annihilation operator by 

a+(m := s - lim e~'*"e'^"°(l ® a(f))e-'^^°e'^"^. (1.22) 

t— >oo 

Of course some conditions on ^ and / arc required to show the existence of a_|_(/)^. 
It is well known [1, 18], however, that (1.22) exists for an arbitrary ground state of 

H, "if = ifg, and a+(/) vanishes (pg, i.e., 

aM)v, = (1.23) 
for some /. (1-23) is applied for (ml). We decompose a+(/)^ as 

a+(/)* = (l®a(/))*-5G(/)* 
with some operator G{f) : T ^ T . Prom (1.23) it follows that 

(l®a(/))^g = ^G(/)(^g. (1.24) 
We define the bounded operator T^^ : W — > by 

T^J G{!)^g, few. (1.25) 

I. e., 

{l®a{f))ipg = gT^J. (1.26) 
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It is seen that T^^ is an ^-valued integral operator such that 
with some kernel Hip^ik) e J^. See (2.29) for details. Note that 

E \K.^mr = T^j = (i-27) 

Using (1.20), (1.26) and (1.27), we see that 

{k)\\'^dk < oo, 

and by (1.21), 

\\{l®N'/'M\' = g'JjMm"dk. (1.28) 
Thus we can obtain that 

PhJ^ C D(1 ® ^ y ||fi;^^(A;)||2(^A; < oo for all (p^ e P^^J^. 

To show (m2) we apply the method in [27], by which we can prove that 



dim(PH^ n ^(1 ® iVi/2)) < r^m(yl), 

1 - S{g) 



where 



Hd) = o{g) + sup 



:i®ivV2)<^^ 



|2 



gl 



</'g£-PH-^riD(i(giAri/2) ll<^gll^ ■ 

By (1.28) and the fact 

hm sup 1 < oo, 

we see that lim^^o Hq) — ^- Hence for sufficiently small g, 

dim(Pff n D{1 O N^/^)) < m{A) 

is proven. Together with the fact Ph^ C D{1 N^^"^) under some conditions, we 
get 

m(H) = dimPff^ < m(A). 
We organize this paper as follows. 

Section 2 is devoted to show Ph^ C D{1 N^^"^). In Section 3, we estimate the 
multiplicity of ground states. In Sections 4, we give examples including massless 
GSB models and the Pauli-Fierz model. Finally in Section 5 we give appendixes. 
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2 Equivalent conditions to PhJ^ C D{1 ® N^l'^) 
2.1 The number operator 

Let {em}m=i be a complete orthonormal system of W. We define 



Am, M=1,2 



by 



Am := {N + l)-^^ ( f; at(e Ja(e;;r)) (iV + 1)"^^ 

\m=l / 



Lemma 2.1 We have 



(1) a unique hounded operator extension Am, 



(2) Am «s uniformly hounded in M as ||Am|| < 1, 

(3) s - limM^oo Am = N{N + 
Proof: Let us define 



oo 1 finite 

0< «n,...,in«^(en)---a^(ejjn 

n=0 I ii<---<in 



(^ii,...,i„ £ 



fin- 



Note that J^,^ is dense in J^^,. Let 



Then 



af(ejj • • •af(ej„)f], ii < • • • < 



2 n JM" 

= A„....„(M)0, 



where 



n+l 
n— 1 

n+l 



, in-1 < M <in, 



_ 0, M < ii. 



12 



Let e Jv, be such that 



finite 



E «,„...,,„at(e,J...at(e,ja (2.2) 

We see that 

finite 

From (2.1) it follows that 

finite 

>1m*= E «n,...,inAi,...,in(^)«'^(en)---a^(ej„). 

ii<---<i„ 

Then 

finite 



< \\Aun^= E i«n,...,^„riA„....„(M)i 

ii<---<j„ 

finite / n \2 / n ^2 



2 



< E 

n<---<i„ 



|QJn,...,i„ I 



n + 1/ Vn + 1 



Note that Am leaves (8)"W invariant. Hence for an arbitrary ^ = {^("^}^q G 
we have 

oo cx) oo . ^ 2 

Pm^IP = E ll(^M^)^"^ll' = E Pm^(")||' < E ^ < ll^ll'- 

n=0 n=0 n=0 + 

Since is dense in JF^,, (1) and (2) follow. Let ^ be as (2.2). We see that 

s - lim = 

M-»oo n + 1 

Hence for an arbitrary $ G JF^^, 

s - lim Am^ = A^(A^ + 1)'^^. 

M^oo 

For an arbitrary $ G and an arbitrary e > 0, we can choose e J-',^ such that 

ll^-^ell < e. 



Since ||Am|| < 1, we obtain that 
\\A^<5-N{N + l)-''<^\\ 

< \\A^^ - A^^^W + II A^$e - A^(iV + l)-i<l>,|| + \\N{N + l)-"^($, - $) II 

< 2e + II A];;$, - iV(iV + 1)-^$, II . 
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Then 

lim \\A^^-N(N+l)-'^m<2e 
for an arbitrary e. Thus (3) foUows. □ 

Lemma 2.2 Let {6^}^^^ be an arbitrary complete orthonormal system in W. Then 
(1) and (2) are equivalent. 

(1) ^ e D(7Vi/2). 

(2) ^ e n^^^D{a{e^)) and 

^ ||a(e;;r)^ir < oo. (2.3) 

m=l 

Moreover when (1) or (2) holds, it follows that 

oo 
m=l 

Proof: (1) (2) 

We see that J^^ C D{N^/^) and 

which imphes that J^^ is a core of N^/^ by [33, X.49]. Then, for ^ G D{N'^/'^), there 
exists a sequence G such that s — hnig^o = ^ and s — hnig^o -^^^^^e = 
A^^/^^f. It is well known that 

||a(/)$||<||/||||A^^/'$||, ^eD{N'/'). 
Hence from the fact ^' e D{N'^/'^), it follows that e £'(a(e;^)). We have 

M 

^ ||a(e;;r)^,||2 = {{N+l)'/'^,,AM{N+iy/'^,) 

m=l 

< ||(Ar+l)V2^^||2 

< ||A^V2^^||2^||^^||2_ (2.4) 

From this it follows that a(e^)^e is a Cauchy sequence in e. Since a(e^) is a closed 
operator, lim^^o a(e^)'i/ ^ = a(e^)^ follows. Hence we obtain that, as e — > on the 
both sides of (2.4), 

M 

E ||a(e;^)*ir< ||A^'/'*ir + 11*11'- 
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Taking M — > oo on the both sides above, we have 

oo 

Y,\\a{e;^)n'<\\N'/'n'+m'- 

m=l 

Thus the desired results foUow. 
(2) ^ (1) We see that 

oo M oo 



m=l n=0 

oo M 



m=l m=l n=0 

oo Af 

M-+00 ■ 



n=0 m=l 

Since E^=i(a(e;^)*^"\ a(e;;^)^^"^) is monotonously increasing as M f oo and by 
(2.3), 

oo M 

M— >oo ■'— ' — 

n=U m=l 

we have by the Lebesgue monotone convergence theorem and (3) of Lemma 2.1, 

oo M 

M^oo 



n=U m=l 

oo M 

n=0 m=l 

oo 

= V lim ((Ar + l)V2^W,:4^(Ar+l)V2^W) 

— 1 Af^oo 
n=0 

oo 

n=0 
oo 

= ^n||*(")||2 < oo. 

rt=0 

This yields that * e L'(7VV2). □ 

2.2 Weak commutators 

In subsections 2.2-2.4, we consider the case where 

W = ©^L2(m'') ^ L2(M'^ X {1, D}) (2.5) 

and 

S = [uj] (2.6) 
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such that [u] : ®^L^(]R'^) ®^L'^{M.'^) is the multiphcation operator defined by 

M(©f=i/.) = ©f=i^/.-, (2.7) 

with 

o;(-):M'^^[0,cx)), f) (k) = u (k) f (k) . 
The creation operator and the annihilation operator of ^b(l^) are denoted by 

a«(/,j):=a(0©---©/®---eO), f e L\r^), j = l,...,D, 



which satisfy on ^gn, 



By (1.5)-(1.4), 



[a\f,j),a\g,j')]=Q, 
[a{fj),a{gj')]^0. 



git(i®dr(H))(^ (g) a(/, j))e~'*('®'^^^t''l^^ = 1 a{e-'"^f,j), (2.8) 
git(i®dr(M)) (1 ^ ^t(y^ _^-))g-it(i®dr(M)) ^ ^ o){^^f, j) (2.9) 

follow on ?i (8) ^fin, and 

[1 ® dr([a;]), 1 ® a(/,i)] = -1 ® a(a;/,i), (2.10) 
[1 ® rfr([cu]), 1 ® at(/, j)] = 1 ® a\ujf,j) (2.11) 

follow for / e -D(c<^) on (g) Let S and T be operators acting in a Hilbert 

space /C. We define a quadratic form [5", T]^ with a form domain 

V c D{s*) n D{S) n D(T*) n d{t) 

by 

[5, r]^(*, $) := (5**, r$) - (T**, s^), $ e p. 

Proposition 2.3 ("i^l Let fJ/\/oJ G L2(R^). T/ien (2.8) and (2.9) can he extended 
on D{l®dT{[uj])). (2) LetcufJ/^ e L^{M.^). Then 

[l®dr(M),l®a(/,j)]S'^'^''^^'"'"(*,^) = (*,-(l®a(a;/,j))^), (2.12) 

[1 ® dr{[u]), 1 ® at(/, j)]S'^'^'"^'""^(*, $) = (^, (1 ® at(.;/, j))<f ). (2.13) 
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Proof: Let * e (8) dr([a;])). Since H ® ^fin is a core oil® dV{[uj\), there exists 
a sequence such that *g ^ * and (1 ® dV{[uj\))'^e ^ (1 <8) dV{[uj\))'^ strongly as 
e — > 0. It follows that 

git(i®dr(M))(i ^ o(/, = 1 ® a{e-''^f,j)^„ (2.14) 

git(i®<ir([a;]))^^ (g) a^(/, j))e-'*(^®'^^(['"]»*, = 1 (g) 0^(6'*^"/, j)*,. (2.15) 

Using well known inequalities 

||(i®a(/,j))*ll < ||//V^||||(i®dr(M)V2)*||, 

11(1 ® at(/,i))*|| < \\f/V^\m ® rfr([a;])V2)*|| + ||/||||^||, 

we sec that the both hand sides of (2.14) and (2.15) converge strongly as e — > 0. 
Since 1 ® a^(/, j) is closed, (1) follows. 

We shall prove (2). Let $ e 7i (g) J^S^"'^^ Then 

((1 ® dT{[ujm, (1 ® a(/, j))$) - ((1 ® a\f,m, (1 ® rfr([u;]))<|.) 

= (*,-(l®a(/,j))*)- 

Since H ^&n^'^^^ is a core of 1 (g) dr([a;]), there exists a sequence such that 
*e ^ * and (1 (g) dr([a;]))^', ^ (1 (g dr([a;]))^' strongly as e ^ 0. By using the 
closedness of 1 (g) a{f,j) and a similar limiting argument as that of (1), we obtain 
(2.12). (2.13) can be similarly proven. □ 

2.3 Asymptotic fields 

Define on D{H), 

atifj) := e-^*-^e^*-^°(l®a(/,j))e"'*^°e^*^ 
= e-^*^(lg)a(e-**^/,j))e'*^- 

Note that 

Hq^ A^l + l^dr{[uj]), 
Assumption (Bl) is as follows. 

(Bl) u; satisfies (1) and (2). 

(1) The Lebesgue measure of := {k G M°'|a;(/c) = 0} is zero. 
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(2) There exists a subset K CM.^ with Lebesgue measure zero such that 



and 



Example 2.4 A typical example of uj is uj{k) — \k\^ with p > 0. In this case 

= {0} 

and 



K= U{(A;i,...,MeK"|fcn = 0}. 

n=l 

Lemma 2.5 Suppose (2) of (Bl). Then for f e C^(m'^ \ K), 

e'"^^^^f{k)dk 



with some constant c. 



Proof: We have, for 1 < m, n < (i, 



g^.a; ^ ^ 



on R'' \ Hence it follows that by integration by parts, 



e'"^^''^f{k)dk = -A, I e*'"^'^^ 



Its. 

Thus we have 



d ( ( duj \ ^ d I f duj\ ^ 



J^d- dkm \ \dkjnj dkn \ \dkn 



f{k) dk. 



I e'"^^^^f{k)dk < \ [ 



d ( ( duj \ ^ d ( ( duj\ ^ 



9km \ V 9k,^ J dkn \ V dkji 



f{k) 



dk. 



Since the integrand of the right-hand side above is integrable, the lemma follows. □ 

Proposition 2.6 Suppose (Bl). Let f e C^{R'^) n L'^{M.'^) and f/y/cJ e L2(k<^). 
Then 

s - lim at{fj)<p^ = 0, j = 1, D. (2.16) 

t—>oo 
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Proof: Note that it follows that 

||a*(/,j)*|| < ||//V^||||(l0dr([u;])VV^^||, J = 
and by the closed graph theorem, 

||i/o*|| < Ci\\H^\\ + C2||*||, * e D(H), 
with some constants ci and C2, and 

11(1 ®cir([a;])V2)vl>||<c3||(i/o + 1)^11 
with some constant C3. Thus it follows that 

||at(/,j)*|| <C4||//V^||||(i/ + 1)^11 (2.17) 
with some constant C4. Let X> be a core of A and 

* = G at(/i,ii) • • • a^'ifnJnH (2.18) 
where G eV and e (^^(M*^ \ /T), / = 1, n. We see that for an arbitrary 5 e M, 

n 

a(e-^*(--^)/, J)^ = E(e**^""'V", fi)G ® at(/i, ji) • • •at(/;, j;) • • • at(/,, j^f], 
where X means neglecting X. Since //; e Cq(M°' \ K), by Lemma 2.5 we see that 
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with some constant C5. Hence 

s- lim a(e^*('"-'')/,j)^ = 

t— »oo 

follows. Let S be the set of the hnear hull of vectors such as (2.18), which is a core 
of Hq. Thus there exists e £^ such that 

strongly as e — > 0, which yields that 

lim||(i7o + l)^/^(*.-^g)IHO. 
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Let \\{Ho + - (/?g)|| < e. We obtain that 

l|at(/,J>g|| 

= ||(l®a(e-*('*^-^(^))/,j))¥'g|| 

< 11(1 ® a(e-^*(-^(^))/, + 11(1 ® a(e-^*(-^(^))/, j))(*. - ¥^g)|| 

< 11(1 ® G(e-*(--^(^))/, + C\\{Ho + l)^/2(vl/, - 

< 11(1 ® a(e-'*('^-^(-^))/, + Ce. 

Then 

hm ||at(/, j)<^g|| < Ce 

t — ^oo 

for an arbitrary e. Then the proposition foUows. □ 
In addition to (Bl), we introduce assumptions (B2)-(B4). 

(B2) There exists an operator 

Tj{k) -.T ^T, A; e j = 1, D, 

such that 

D{Tj{k)) D D{H), a. e. ke 

and 

[l®a(/,j),//i]S.(^)(*,$) = [f{k){^,Tj{k)<^)dk. 

(B3) Let \I> e D{H) and / G Cl{R'^ \ K) with some measurable set X C K"^ such 
that K <Z K and its Lebesgue measure is zero. Then 



dkf{k){^, e-^^(^-^(-^)+'^('^))T,(A;)<^g) e L^([0, oo), ds). 
(B4) ||T,Og|| e L\R'^). 

Lemma 2.7 Suppose (B1)-(B4). Let f.fly/u) e L'^{^^). Then it follows that 

[ \\ f {k){H - E{H)+u;{k))-%{k)ipJ\dk <oo (2.19) 



and 



:i ® «(/, J))v^g = 5 /, f{k){H - E{H) + uj{k))-%{k)^^dk. (2.20) 
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Proof: Noting that 

\\{H-E{H)+u;{k))-%{k)^,\\ < \\Tj{k)^,\\/u;{k), k ^ K^, 
we see that 

\\m(H - E(H) + oj(k))-'Tj(k)<p^\\dk 

/ X 1/2 / N 1/2 

+ ^^^^^ imi'dkj ^^^^^ \\{H - E{H)+u;{k))-%{k)^,rdkj 
<(ll//V^II + ll/ll)r.(-Vgll<oo. (2.21) 

Then (2.19) follows. We divide a proof of (2.20) into three steps. 
(Step 1) Let / e C^(M'^ \ K), f/^ e L'^(m'^), and $ e D(H). Then 

(*, (I0a(/,j))<^g) = (/^^(*,/(^)e-(^-^(^)+-('=))r,(A;)(^g)ciA;) d.. (2.22) 

Proof of Step 1 

Let ^, $ G I? := C^(R'^) ® D{dV{\uj])). Note that P is a core of H. We see that by 
(2.12) of Proposition 2.3 and (B2), 

|(^,at(/,jW 

= -i{He''^-^, (1 ® a{e-''^f))e''^<^) - i(e**-^^, (1 ® a(cje-^*'^/))e**^$) 

+i((l ® a^'(e'*"/))e'*''^, i/e'*^<l>) 
= -ig{Hie''^^, (1 ® a(e-**"/))e**^$) + i^((l ® a\e^''' f))e''^^ , Hi^'"^) 

= / f{k)e-'^^^\^,e-'*"TAky^^^)dk. 
Then we obtain that for $ e 

{^,atif,m 

= (*, (1 a(/, j))*) + (^j ^ f{k)e-''^^^\^, e-''^Tj{k)e''^^)dk^ ds. (2.23) 

Let \E', $ G D{H). There exist sequences \E'm, G T) such that linim^oo = ^ and 
lim^^oo = ^ strongly. (2.23) holds true for ^P, $ replaced by ^'^j respectively. 
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By a simple limiting argument as m — > oo and then n — > oo, we get (2.23) for 
e D{H). By Proposition 2.6 and (2.23) we have 

0= lim(*,at(/,j>g) 

= (^, (1 ® a{f,j))ip,) + tg (^jj^, /(fc)e--(^-^(^)+-(^))T,(fc)^g)c^fc) ds. 

Thus (2.22) follows. □ 

(Step 2) (2.20) holds true for / such that / G CliR'^ \ K) and f/^ E L\r'^). 
Proof of Step 2 

By (B3) and the Lebesgue dominated convergence theorem, we have 
-ig r ( [ {^J{k)e~''^''-^^"^+^^''^'^Tj{k)(pMk]ds 

Jo KjR'i J 

= -i^lim r dse-'' ( I (^, /(A;)e-'^(-^-^(^)+'^(*^»T.(A;)(^g)(iA; 



By (B4), 



ds 



f dk r e-''{^,f{k)e-''^"-^^"^^''^^^^TAk)^p„) 
Jk.^- Jo 

< m {I, \f{k)mkM\dk^ /o°°"""^" < ^- 

Hence Fubini's theorem yields that / dk and / ds can be exchanged, i.e., 

-ig lim e-'' (^J ^{^ , f{k)e-''^^-^^"^+^^''^'^Tj{k)ipg)dk^ ds 
= -i^lim / ( /"(^, f{k)e-''^"-^^"^+^^''^-''^Tj{k)ipMs) dk 

e^OjRd \Jo J 

^g]im / (*, f{k){H - E{H) + u{k) - ie)-'Tj{k)<p,)dk. 
We can check that, for k ^ K^, 

|(*, f{k){H - E{H) + u{k) - ie)-%ik)^,)\ 

< \m\fmm-E{H)+u;{k))-%ik)^,i (2.24) 
ljfm\iH-E{H)+uj{k)r%{k)v,\\dk 

<(ll//v^ll + ll/ll)r.Ogll<oo, (2.25) 
s - \im{H - E{H) + uj{k) - ie)-^^p^ ^ {H - E{H) + a;(A;))- Vg, (2.26) 
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(2.24), (2.25) and (2.26) imply that by the Lebesgue dominated convergence theo- 
rem, 

^hni / (*, f{k){H - E{H) + uj{k) - ie)-%{k)^^)dk 
= g f i'^J{k){H - E{H)+u;{k)r'Tj{k)<p,)dk. 
Since, by (2.25) we have 

(*,a(/,j>J = g j p,f{k){H-E{H) + u{k))-%{k)^^)dk 
= (VI/, ^ [ f{k){H-E{H)+co{k))-%ik)^,dk), 
we obtain (2.20). □ 

(Step 3) (2.20) holds true for / such that /, f/y/u e L'^{R'^). 
Proof of Step 3 

Set 

^ ^ ■ I f{k), \k\ > 1. 

Since g G L^(R'^), there exists a sequence g^ G C^{R'^\K) such that g^ ^ g strongly 
as e ^ 0. Define 

f (f.) / \l^{k)g^{k), \k\ < 1, 
\ g.ik), \k\ > 1. 

Hence /, G C^(R'^ \ K) by (2) of (Bl), and it follows that 

ljf(k)-f,ik)f/u;{k)dk^O, (2.27) 
/ \f(k)-f,{k)\'dk^O, (2.28) 

J\k\>l 

as e ^ 0. We see that, by (2.27) and (2.28), 

11(1 ® a{f))^, - (1 ® a(/,))^g|| < IK/ - /e)/V^||||(l ® dT{[u;]y/')^,\\ ^ 

and 

[ (fik) - f,{k)){H - E{H) + u{k))-%{k)^^dk 

jRd 

^ 

as e ^ 0. Then we can extend (2.20) to / such that /, f/y/ou G L'^{R'^). □ 
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2.4 Main theorem I 

Set 

K^^.{k) := {H - E{H) + u;{k))-%{k)ip^, k ^ K^. 

We define 

by 

where the integral is taken in the strong sense in T . I.e., we have 

(l®a(/,j))^g = 5T^,/ (2.29) 
Proposition 2.8 (1) T^^^ is a Hilbert- Schmidt operator if and only if 

(2) Suppose that T^^^ is a Hilbert- Schmidt operator, Then 

m=l ^ ■^^'^ ^ 

for an arbitrary complete orthonormal system {em}m=i 
Proof: The adjoint of T^gj, 

is referred to as a Carleman operator (see e.g., [38, p. 141]) with kernel n<pgj, i.e.. 

It is known [38, Theorem 6.12] that T*^^ is a Hilbert-Schmidt operator if and only if 
Imd ll'^vgj(^)IP^^ < Moreover suppose that T*^ . is a Hilbert-Schmidt operator. 
Then 

is also known, which implies that T^^^ is a Hilbert-Schmidt operator if and only if 

Ir" \\^^v'sj{k)fdk < oo, and 

^(7^;/..,) - ^(r../4,) - 1 iK^.m'dk. 

Thus the proposition follows. □ 
The main theorem in this section is as follows. 
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Theorem 2.9 Suppose (B1)-(B4). Then (1), (2) and (3) are equivalent. 

(1) PhT (lD{l®Ny^), 

(2) T^g^. is a Hilbert- Schmidt operator for all j — 1, ...,D and all (pg e Ph^, 

(3) \\{H - E{H) + uj{k))-%{k)^gfdk < oo for all j = 1, ...,D and all (p^ e 

Ph:f. 

Suppose that one of (1), (2) and (3) holds, it follows that for an arbitrary ground 
state (fig, 

11(1 ® N'/')(pgr = / E \\{H - E{H) + oj{k))-%{k)Vgrdk. (2.30) 

j=i •'^'^ 

Proof: Let {em}m=i be a complete orthonormal system of L^(m'^) such that Cm/ e 
L2(r'^). It is proven in Lemma 2.2 that PhJ^ C D{1 ® N^'"^) if and only if 

D oo 

EE IKl®«(^,j)Vgf <oo (2.31) 

j=l m=l 

for an arbitrary ifig e P^JF. By (2.29), 

(1 (8) a(e;^, j))(fig = gT^^fe:;^. 
Hence P^J^ C £'(1 TV^/^) jf ^nd only if 

D oo 
j=l m=l 

That is to say PhT C /^(l ® iV^/^) jf ^^^jy jf 7^^^ 

. is a Hilbert-Schmidt operator 
for all 3 = 1,..., D, and all ipg e P^J^, i.e., by Proposition 2.8, P^JF c P)(l ® iV^/^) 
if and only if 

D 

^'E / , ll'^v'g.Wir^^^ < e ^J^-^- 

Then the first half of the theorem is proven. Moreover by Lemma 2.2, when (fig e 
D{1®N^I^), 

D 00 

\\{i®N'i')(figf = Y.T.\\i^®<^^j))v.f^ 
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which yields that 

11(1 ® N"')^,f = /Eiv(r;T,,; = / E \K,,{k)fdk. 

j=l j=l •'^ 

Thus the proof is complete. □ 

RemEirk 2.10 In [6] a more general formula than (2.30) is obtained. 

3 Proof of m{H) < m{A) 
3.1 Quadratic forms 

We revive H ^ Hq + gHi, where Hq^A^I + I® dr{S), and (A.l) - (A.3) are 
assumed. Set 

Hq :— Hq — E{Hq). 

Actually 

E{Ho) = E{A). 
The quadratic form (5q associated with Hq is defined by 

/3o(^,$) := (hT^.hT^). e D(h]1'). 

Define a symmetric form by 

PhA"^,^) e D{Hq). 

Since < a||ifo^|| + &||*||, it follows that 

\\Hi^\ < a\\HQ<l!\\+h'\\^\l 

where h' = b + a\E{Ho)\. Then Hi{Hq + and {Ho + iJ,)~^Hi, > 0, are bounded 
operators with 

WHiiHo + iiyW <a + b'/ii, \\(Ho + lj)-^Hi\\ <a + b'/ii. 

By an interpolation argument [33, Section IX], {Hq + //)~^/^i7i(i?o + A*)"^''^ is also 
a bounded operator with 

\\(Hq + ^i)-'/^H,(Hq + <a + b'/^i. 
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Then 



< {a + h'/^x)|3o{^,^) + {a + h'/^x)\m\ ^eD{H^), (3.1) 

for an arbitrary > 0. By (3.1), a polarization identity [32] and a limiting argument, 
Phi{'^, ^) can be extended to $ e D{Hq ). The extension of is denoted by 
^Hi, and which satisfies 

0H,{^,n<((i + b'/l^W^,^) + (a + b'/i,)m', ^eD(H'J'). (3.2) 
Thus we see that, for a sufficiently small g, 

Ph := Po + gPm 

]^/2 1/2 

is a semibounded closed quadratic form on D{Hq ) x D{Hq ). Then by the rep- 
resentation theorem for forms [28, p. 322, Theorem 2.1], there exists a unique self- 
adjoint operator H' such that D{H') C D{Hq ) and 

/3^(^, $) = (^, i/'$), ^ e d(h]I^), $ e D(if')- 

On the other hand, we can see directly that D{H) C D{H}; ) and 

/?^(^, $) = (*, i/$), * e D{h]I^), $ e D(S^o). 

which yields that 

H' = H. 

I.e., is a unique self- adjoint operator associated with the quadratic form Ph- We 
generalize this fact in the next subsection. 

3.2 Abstract results 

As was seen in the previous subsection, self-adjoint operator H — Ho+gHj is defined 
through the quadratic form Ph- In this subsection, as a mathematical generalization, 
we define a total Hamiltonian through an abstarct quadratic form, and estimate 
an upper bound of dim {Pff,^ n D{1 <S) N^/^)}. 

Remark 3.1 Hamiltonians of the Nelson mode/ without ultraviolet cutoffs are de- 
fined as the self-adjoint operator associated with a semibounded quadratic form. See 
[21, 31]. As far as we know, it can not he represented as the form Hq -\- gHi. 
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Let Pint be a symmetric quadratic form with form domain D{Hq ) such that 

|Ant(*,*)| <a/3o(*,*) + K*,*), ^eL'lS^y'), (3.3) 

with some nonnegative constants a and h. Define the quadratic form (3 on D[Hq ) 
by 

13 := /3o + g/3inf 

Proposition 3.2 Let \g\ < 1/a. Then there exists a unique self-adjoint operator 
Hq associated with (3 such that its form domain is D{Hq ), 

and 

where 

:= H^Eh^HO, oo)), Hq_ := -H^Eh^H-oo, 0]). 
Proof: Prom (3.3) it follows that 

I At(*, *)| < \9\al3oi^, *) + \gm, ^). 

Hence by the KLMN theorem [33, Theorem X.17], the proposition follows. □ 
Assumptions (Gap) and (N) are as follows. 

(Gap) mia^M)-E(A)>0. 

11(1® ^^1/2)^11 

(N) lim sup ' " = 0. 

Suppose that o-p{S) ^0. Then by the facts that 

inf a(dr(5)f©-^j^nw]) > 0, 

o-p(rfr(S')[©oo^j^«vv]) ^0, 

a{dT{S)\f^oy^) = ap{dr{S)\^oyv) = {0}, 

(ir(5') is nonnegative self- adjoint operator, and has a unique ground state ^2 with 
eigenvalue 0. We have a lemma. 
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Lemma 3.3 Assume (Al), (A2), (Gap), (N) and crp{S) ^ 0. Then there exists 
5{g) > such that 

lim S(q) — 

and, for g with 5{g) < 1, 

dim{(PH,^)nD(l®iVV2)} < _l_ni(A). 

Proof: Let e > be such that 

[E{A),E{A) + e)na{A)^{E{A)} 

and we set 

n := E^m^), E{A) + e)), := 1 - V,. 

Furthermore let 

Vn :^Earis)m)- 
We fix a (/?g e (-Pffq^) n D{1 ® N^/'^). Using the inequahty 

1 1 < 1 (g) AT + 1 

in the sense of form, we have 

Let Q :— ®Vq,. In Proposition 5.1 we shall show that 



and 



Hence we have 



(^geD(0, g^geD(0 (3.5) 



hTQv^ = QhT^z- (3-6) 



= (Q^g,(i/q-E(i/q))v9g) 

= /3(g(^g, ^g) - E{Hq){Q^g, ^g) 
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Prom this we have 

-gpint{Q^g,^g) = {Ho Q^g,Ho (fg) - E{Hq){Q^g,^g). (3.7) 
Since we have by (3.6) 

(A + - E{A))d\\{EA{X) (8) EariS){fJ'))Q^gf 



/[E(A),oo)x[0,oo) 

= L , ^(X + i,-E{A))d\\{EA{X)^Earis){l^))Qip,\\' 

J[E{A)+€,oo)x{0} 

then (3.7) imphes that 

-gPintiQ^g, Vg) > (e - E(Hq))(Qipg, ipg). (3.8) 

We shall estimate \Pint{Q^g, <fg)\- 

Poi^g, ^g) = (<^g, H^ip^) - gPint{Vg, Vg) 

< E{Hcd\Wgf + \g\ {aPo{^g,^g) +%g-<^g)), 

which yields that, since \g\ < 1/a, 
Then we have 

\Pint{(Pg,fg)\ < {aPo{(Pg,fg) + b{(fig,(fig)) < Ci^tif 

where 

a{E{H^) + \g\h) 

Cint •— ^ j — 1 r 0. 

1 - o.\g\ 

Prom the polarization identity 

Ant(<9<^g, ^g) = \ {(Ant((i + Q)<^g, (1 + Q)<^g) - Ant((i " Q)<^g, (1 - Q)^g)) 

-i (Ant((l + i<3)¥'g, (1 + iQWg) - Ant((l - iQ)^g, (1 - «Q)¥'g))} , 

it follows that 

\MQ^g,^g)\ <2Cint{^g,^g). (3.9) 
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Note that 

- /?o(*, *)i = i^iiAnt(*, *)i < + bMHo + ly/'n'- 

Then 

-V^::?-) 11(^0 + l)V^*|p ^ + ^) - 0' 

which imphes that for 2; e C with ^ 0, 

hm \\{H^ - z)-' - (Ho - z)-'\\ = 0. (3.10) 
See Proposition 5.2 for a proof of (3.10). Thus it follows that 

lim E{Hq) = E(Ho) = 0. (3.11) 
a->o 

Then there exists a constant c > such that for all g with Ig^l < c, it obeys that 

e - E{H^) > 0. 
Then by (3.8) and (3.9), for g with \g\ < c, 

112^1 I |Ant(<5'^g,'^g)| ^ ^1 I Cint II ||2 

Let 

sup II" «^'^^)^" . 

*e(PHq^)nD(i®JVi/2) 11*11 

Together with (3.4) we have 

(^„ < cigflM' + 2\g\ ""^'A M' + IK^^ ® (3.12) 

Setting 

%) c{gr + 2\g\ 

e - E{hq) 

we see that by (3.11) and (N), 

lim5(gr) = 0. 

Then by (3.12) there exists g* < c such that for g with \g\ < g^, 

(<^g,<^g) < {l-6{g))-\^^,{V,®Vn)^^). (3.13) 
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Let {^g}jLi, M < oo, be a complete orthonormal system of {Ph^J^) n D{1 ® N^l'^). 
Then by (3.13), 

{^^, ^4) < (1 - S{g))-\4, {Ve ® VnH). (3.14) 
Summing up from j = 1 to M, we have 

M 

dim {{Ph^T) n D{1 ArV2)} < _ ^ 

Since 

M M 

T.H^i'Pe^V^)cpi) = $:(</.^,, (Pa ® 7'n)¥'J) 

j=i i=i 

< TiiPA^Vn) 
= m(A), 

we obtain that 

dim {(Pj^^J^^) n D{1 ® < (1 _ S{g))-^m{A). 

Thus the lemma is proven. □ 

Prom Lemma 3.3, corollaries immediately follow. 
Corollary 3.4 We assume the same assmnptions as in Lemma 3.3. Suppose that 

Ph^J' ^ D{1®N^'^). (3.15) 

Then 

m(//q)<(l-%))-im(A). 

In addition, suppose that g is such that 5{g) < 1/2 and m.{A) = 1. Then m(iJ) = 1. 
Proof: Since Pffq^nD(l ® iV^/^) = Ph^^, the corollary follows from Lemma 3.3. □ 

Corollciry 3.5 [Overlap] We assume the same assumptions as in Lemma 3.3 and 
(3.15). Let g he such that 5{g) < 1. Then for an arbitrary ground state (fg, it follows 
that 

{cpg,{PA^Vn)Vs)y^O- 
Proof: By (3.13) it is seen that 

< < (1 - S{g))-\ipg, {Ve ® VnM = (1 - S{g))-\^g, {Pa VuM- 

Hence the corollary follows. □ 
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3.3 Main theorem II 

We assume (2.5) and (2.6), i.e., H = Hq + gHi and Hq = A®l + l® dT{[uj]). Now 
we are in the position to state the main theorem in this section. 

Theorem 3.6 Supose that (B1)-(B4), (Al), (A3), (Gap). We assume that 
I \\{H - E{H) + uj{k))-%{k)(pg\\'^dk < oo, 

and 

sup — — — dk < oo. (3.16) 

f^ePH^ \Wg\\ 

Then there exists a constant such that for g with \g\ < g^, it follows that 

m{H) < m{A). 

Proof: By Theorem 2.9, it follows that PjjJT c D{1 N^/^) and 

11(1 N'/')^,r = E /, - E{H) + u;{k))-%{k)^,rdk. 
By (3.16) we have 

||(1®7VV>|| 
hm sup — r — ^ 

5^0 ^gp^^ llV^gll 

= hm o sup — n — = 0- 

Prom this and Corollary 3.4, the theorem follows. □ 

4 Examples 

4.1 GSB models 

GSB models are a generalization of the spin-boson model, which was introduced and 
investigated in [3]. Examples of GSB models are e.g., A'"-level systems coupled to a 
Bose field, lattice spin systems, the Pauli-Fierz model with the dipole approximation 
neglected term, a Fermi field coupled to a Bose field, etc. See [3, p. 457]. 
The Hilbert space on which GSB Hamiltonians act is 
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where 7^ is a Hilbert space. Let a{f) and a^(/),/ G L^(M'^), be the annihilation 
operator and the creation operator on J^]j{L'^ (M.^)) , respectively. We use the same 
notations a{f) and a^{f) as those of Subsection 1.1. We set 

0(A):=-^(at(A) + a(A)), X e L'{m% 

GSB Hamiltonians are defined by 

Here a e M is a coupling constant, and 

^^GSB,0 ■.= A®1 + 1® dr{uJGSB), 
~J 

^^GSB,I ■.= J2Bj(^4>{\j), 

where a;GSB '■ L'^{'^'^) — > L^(R'') is a multiplication operator by cugsbI^) such that 

c^gsb(-) : M'^ ^ [0, oo) 
and X denotes the closure of X. Assumption (GSB1)-(GSB5) are as follows. 
(GSBl) Operator A satisfies (Al). Set A:^A- E{A). 
(GSB2) A,-, Xj/y/IJ^ e L2(R'^), J = 1, J. 

(GSB3) Bj, j = 1, J, is a symmetric operator, D{A ) C r\j^iD[Bj) and there 
exist constants aj and hj such that 

||S,/||<a,p^/Vll+&,ll/l|, f^D{A"\ 

Moreover 

l«l < (l^%ll^j/V^GSB 

(GSB4) a;GSB satisfies that 

(1) c<jgsb(-) is continuous, 

(2) \iui\k\_^^ujGSB{k) = oo. 
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(3) there exist constants C > and 7 > such that 

\uJGSB{k) - UGSB{k')\ < C\k - k'P{l+u;GSB{k)+u;GSB{k')). 
(GSB5) Xj, j = 1, J, is continuous. 

Proposition 4.1 Assume (GSB1)-(GSB3). Then Hqsb is self-adjoint on 

D{Hgsb,o) = D{A ® 1) n D{1 ® dr{uGSB)) 
and bounded from below. Moreover it is essentially self-adjoint on any core o/i^csB.o- 
Proof: We can show that 

||i^GSB,I^|| < (j2aj\\\j/y/IJ^\\^ ||ifGSB,0^|| +&||^|| (4.1) 

for ^ e D(Hgsb,o) with some constant b. Then by the Kato-ReUich theorem, the 
proposition follows, for details. □ 

We introduce assumptions. 

(IR) \j/uGSBeL\R''),j^l,...,J. 

(GSB6) Ci^GSB satisfies (Bl) with cu replaced by a;GSB- 
(GSB7) Xj e C\r'^), j = 1, J. 

Proposition 4.2 We assume (GSB1)-(GSB5), (IR) and (Gap). Then there 
exists a constant a* > such that for a with \a\ < a*, Hgsb has a ground state (pg 
such that 11(1 A^^/^)(/?g|| < 00. 

Proof: See [3, Theorem 1.3]. □ 

Remark 4.3 In [3, Theorem 1.3], it is actually supposed that self-adjoint operator 
A has a compact resolvent, i.e., (y{A) — (7p(A). However it can be extended to A 
satisfying (Gap). See [7, Appendix]. 
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Let / e C^(M'^ \ K) and $ e D(Hgsb)- We have 



J 



/(A;)(vl/,X:A,(^)(5,®l)$)dfc 



Jr<i 



where 

Tgsb(A;) :=1:A,(/c)(S, ®1). 
Our main theorem in this subsection is as follows. 

Theorem 4.4 Suppose (GSB1)-(GSB3), (IR), (GSB 6) and (GSB 7). Then 
it follows that 

Phosb^gsbCD{1<^N^/^), (4.2) 

and 

11(1 7V'/')(/^g||' = / UHgsb - EiHGSB)+u;GSBik))-'TGSBik)^^\\''dk. (4.3) 

In addition, suppose (Gap). Then there exists a** such that for a with \a\ < a**, 
it follows that 

m{HGSB)<m{A). (4.4) 

Proof: We shall check assumptions (B1)-(B4) and (3) of Theorem 2.9 with the 
following identifications. 

^ = -^GSB, -f^O = -f^GSB.O, Hj = i?GSB,I, ^ = ^^^GSB, -D = 1, Tj=i{k) = 7gsb(^)- 

(Bl) and (B2) have been already checked. We have 

/(A;)(*,e-^"(-^Gs«-^(^GSB)+a;GSB(fe))7^^gj^(^)(^j^^ 

/ /(A;) V A.(A;)e-™«(*^)(*, e-^^(-f^GSB-£;(//GSB))( r. ^ i)(^ )rfA; 

J 

V(*,e-^"(-^Gs«-^(^GSB))(R.(g,i) ) / /(A;)A.(A;)e-™B(fe)^^_ (45) 
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Since fXj e Cq{R'^ we see that by Lemma 2.5, 
which imphes, together with (4.5), that (B3) follows. We have 

and 



I \\{Hgsb - E{HGSB)+u;GSBik))-'TGSB{k)ip£dk 

Thus (B4) and (3) of Theorem 2.9 follow. Hence (4.2) and (4.3) are proven. We 
check (3.16) in Theorem 3.6 to show (4.4). Note that 



and 



Since 



11(5,- ® l)^g|| < a,\\{A'^' ® 1M\ + b,\M (4.6) 



||(^^/'®l)^g||<||//GSB/Vg| 



-1/2, „ 1,2 _ / „ T7 ^ / N , „ ML. I|2 



||^^GSB,0 ^g\\ = i^g, HcSBfl^g) < {ciE{HgSb) +C2)\\(Pg 

with some constants ci and C2, we have 

11(5, ® IWI < (a, {c,E{Hgsb) + c^f + bj)\M. 

Thus by (4.6), 

^.^ g'^L^i \\{HgSB - E{HGSB)+UJGSB{k))-'TGSB{k)iPgfdk 



< lim /J^(a,- (ciE(Hgsb) + 02^^ + bj)^Xj /ugsbW^ = 0. 
Then (4.4) follows from Theorem 3.6. □ 
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Corollary 4.5 Assume (GSB1)-(GSB4), (GSB6), (GSB7), (IR) and (Gap). 

Then there exists a*** such that for a with \a\ < a^**, Hqsb has a ground state and 
m(ifGSB) < m(A). In particular in the case ofmlA) — 1, Hqsb has a unique ground 
state. 

Proof: It follows from Proposition 4.2 and Theorem 4.4. □ 



4.2 The Pauli-Fierz model 

The Pauh-Fierz model describes a minimal interaction between electrons with spin 
1/2 and a quantized radiation field quantized in the Coulomb gauge. The asymptotic 
field for ifpp is studied in e.g., [13, 22]. The Hilbert space for state vectors of the 
Pauli-Fierz Hamiltonian is given by 

JTpF := L2(ffi3; (g) J^^{L\r\{1, 2})). 

Formally the annihilation operator and the creation operator of jFi3(L^(M^x{l, 2})) 
is denoted by 

a\f,j) = I fik)a\k,j)dk. 
The Pauli-Fierz Hamiltonian with ultraviolet cutoff ip is defined by 

1 e 
HpF := — (p ® 1 - eA^y + V 1 + 1 H{ - —{a 1) ■ B^, 
2m 2m 

where m > and e e M denote the mass of an electron and the charge of an electron, 
respectively. We regard e as a coupling constant, p denotes the momentum operator 
of an electron, i.e.. 

Odd 



dxi dx2 dx3 
and V is an external potential. We identify J^pp as 

JFpF ^ e (g) r J^^{L'^{M.^x{l,2}))dx, (4.7) 

where J^i- ■ - dx denotes a constant fiber direct integral [35]. A^ and denote a 
quantized radiation field and a quantized magnetic field with ultraviolet cutoff ip, 
respectively, which are given by, under identification (4.7), 

:= 1 / A^{x)dx, := 1 ® / B^{x)dx, 
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with 



and 



= V / —£i^={-ik X e{k,j)) \e-'''''a^{k,j) - e'''''a{k,j)} dk. 

,=1,2 j2uJpF{k) ^ ^ 



Here 

u!pF{k) :— \k\ 
and (f denotes an ultraviolet cutoff function. 

Hi := dr([a;pF]) 

is the second quantization of the multiplication operator 

[a;pF] : L^(W^x{l,2}) L^(W^x{l,2}) 

such that 

{[u;pp]f){k,j)^u;pp{k)f{k,j). 

Vector 

e{kj) = {ei{kj),e2{kj),es{kj)) e K^ j = 1,2, 
denotes a polarization vector satisfying 

e(A;,l)xe(A;,2)=A;/|A;|, |e(A;,j)| = 1, J = 1,2. 

Note that 

e(-A;,l) = -e(A;,l), e{-k,2) ^ e{k,2). 

Finally a :— {ai, (72, (73) denotes 2x2 Pauli matrices satisfying the anticommutation 
relations, 

{ai,aj} ^25ij, = 1,2,3, 
where {A, B} := AB + BA. Assumptions (PFl)- (PF3) are as follows. 

(PFl) 



(1) ^yupF0, If/ ^/oJpF, ^ / i^PF G L"^ (R^) and ip{k) = (p{—k) = (p{k). 
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(2) V is A-bounded with a relative bound strictly less than one. 
(PF2) 

(1) ip e C°°{R^). 

(2) e(-,j) G C°°(m^ \ Q), j = 1,2, with some measurable set Q with its 
Lebesgue measure zero. 

(PF3) The ground state energy of self-adjoint operator 

acting in L^(M^) is discrete. 
Let HpFfi be Hpp with e — 0, i.e., 

Hppfl := Hp^ 1 + 10 Hi, 

where 

Hp := 1^ ° j acting in L\m.^;C') ^ L^w") L^w"). 

f T \ 

In what follows, simply we write T 1 for I ^ T I ^ ^ unless confusions arise. 
We note that Hpp^ is self-adjoint on 

D{HpF,o) = D{A (g) 1) n D{1 ® Hf). 

Note that 

{p(8l)-A^ = A^-{p® 1) (4.8) 

on D{HpFfi). We set 

Hpp — i?pF,o + ei?pF,i, 

where, by (4.8), 

//PP, := -^(P 1) • A, + . A, - ^(. ^ 1) . S,. 

Proposition 4.6 Assume (PFl), (PF2). Then Hpp is self-adjoint on D(Hppfi) 
and bounded from below. Moreover it is essentially self-adjoint on any core of Hpp ^q. 

Proof: See [25, 26]. □ 
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Proposition 4.7 Suppose (PFl) and (PF3). Then there exists a constant < oo 
such that for e with \e\ < e*, Hpp has a ground state such that cpg e D{1 N^^^). 

Proof: See e.g., [9, 10, 15, 29, 30, 23]. □ 

Remark 4.8 For some V , we can take = oo. See [15, 29]. 

Remcirk 4.9 Spinless Pauli-Fierz Hamiltonians are defined by 

i/pF := -^(p ® 1 - eA^f + y ® 1 + 1 ® //f, 
2m 

which acts in ^ L'^{R^) ® J^^{L'^{R^x{l,2})). It can he proven that Hpp has a 
ground state ipg such that (pg G D{1 N^^"^), and it is unique [24]- Then it follows 
that Ph^^^T C L>(l(g) ArV2). 

We have 

[l®a{f,j),HppC^''--\^>,^) 

= j) • (p® 1 - eA^) - -1-K^^){x,j) . (a® 1)}$), 



where 



and 



2ujpF{k) 



Xf\x,k) := '^W e-'^^(-iA; xe(A;,j)). 
^2u;pF{k) 



Hence we have 



where 



[l(^a{f,j),Hpp,,]^^"^^\^,^) = J f{k){^,Tpp^{k)^)dk, 



Tppjik) ■.= Tppf\k) + Tppf{k), 

Tppf\k) := -- /^^^ e-^'^e{k,j) ■ (p ^ 1 - eA^), 
m pujpp{k) 

Tppf{k) := -^^^=e-^^%-ik X e{k,3)) -{a®!) 
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Let Hpp be Hpp with V — 0. Then the binding energy is defined by 

-E^bin '■— E{Hpp) — E{Hpp). 
Proposition 4.10 Assume that hp has a ground state in L^(]R^). Then 

Eun > -E{hp). 

Proof: See Appendix 5.3. □ 
Assumption (V) is as follows. 

(V) Potential V^V+-V_ (V+(x) = max{0, V{x)}, V^x) = min{0, V(x)}) satis- 
fies that (1) lim|^|_ooy_(x) = Ko < oo, (2) \x\^V- e (M^), (3) E^n > V^. 

A typical example of V in (V) is Coulomb potential —e^/\x\. 

Lemma 4.11 Suppose (V). Then it follows that 

(g) l)(^g|l 
iePHJ" I kg 1 1 

with some constant Cexp- 



sup fT— n < Cexp 



Proof: See Appendix 5.4. □ 
The main theorem in this subsection is as follows. 

Theorem 4.12 Assume (PFl), (PF2), and (V). Then it follows that 

Ph^^:FpfCD(10N'^^), (4.9) 

and 

11(1(8) ArV2)^^||2 ^ e2 ^ f \\^Hpp-E{Hpp)+u;pp{k))-^Tpp^{k)cp£dk. (4.10) 

,=1,2 -^^^ 

In addition, assume (PFS), then there exists a constant e** such that for e with 

1^1 ^ 

m(//pF) < m{Hp). (4.11) 

Remark 4.13 Suppose that e.g., G ^[^^(M^) and is infinitesimally small with 
respect to A. Then, by a Feynman-Kac formula, it is shown that e~iihp-E{hp)) 
positivity improving in L^(]R^). Hence hp has a unique ground state in L^(]R^). Then 
m{Hp) = 2. 
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To prove Theorem 4.12 it is sufficient to check (B1)-(B4) and (3) of Theorem 2.9 
with the following identifications. 

^=^PF, -f^o = -f^PF,o, Hi^HpF^i, uj^ujpF, D^2, Tj{k) ^ TpFj{k). 

Let 

3 

K:= \J{{ki,k2,h) ew'\kn = 0} 

n=l 

and 

K :^ KUQU{0}. 

Lemma 4.14 Assume (PFl) and (PF2). Then for f E Cq{R^ \ K) and G 

I fik){^, e-^^(^P^-^(^P>')+'^P>'W)rpFf (A;)(/^g)dA; e L\[0, oo), ds), 1^1,2. 
Proof: Note that 

Y: [Kl^\x,j),{p^l-eA^),]^0 

/i=l,2,3 

on D{Hpf). We see that 

/ f{k) e-^-(^PF-^(^^PF)+'^PF(fe))2^pp(.i) {k)(pMk 

M=l,2,3 

where 

K^'\s,x,j) :=(e— /,A«(a;)). 

Since 
we have 

(5, a;, J ) = - (i^f ^ (s, J ) + x,K^'^ {s,x,j)), 



where 



•^K^ \ k^ pujpp{k) I 
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Prom the fact that (p e C°°(M^) and / e Cl{^^ \K),\i follows that for = 1, 2, 3, 

4r f ^ffl=/(fc)e.(A;, j) I e ^^o^(K' \ {0}). 

Thus by [34, Theorem XL 19 (c)] there exist constants Ci and C2 such that 

sup|xg(s,x,i)|<-^, Z = l,2, = 1,2,3. (4.12) 

X i. -\- S 

By this we have 

j)^g|| < + ® l)¥'gll)- (4.13) 

Since 

1 - eA^)^^|| < c;||(//pF - E{H^^))n + 411*11 (4.14) 
with some constants c'^ and c^-, we conclude that 

_1 ^ ((p®l-e/l^),e--(^--^(^-%,i^^(.,a;,j>g) 

/i=l,2,3 

< ^(c;||(i/pF - i5(i/pF))^|| + 4||^||)(ci||9^g|| + C2||(|a;| ® l)^g||)-^^. (4.15) 
Prom this it follows that 

-- ((p®l-eA^)^e-(^--^(^-%,i^^(s,a;,j>JeL^([0,oo),cis). 

M=l,2,3 

Similarly we can estimate 

/ /(A;)(*, e-'^(-^P>'-^(^P^)+'^P''('=)¥pFf ^(A;)^g)(iA; 

E ((^.®l)e-^^--^^^-%,i^f(«,x,j)¥'g), 

/i=l,2,3 

where 

X(2)(s,x,j) := (e---/,Af (^))- 

We have 

s 
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where 



Is. 



^-,..p.(.HM^ P^^ffl=/(fc)(-.fc X e{k,j)) 1 dk, 



Kf\s,x,3) 



-i{suipp{k)+kx) 



f{k){-ikxe{k,j))\dk. 



Since for 11,1/ — 1, 2, 3, 

a U.(k) m , \ g \ {0}), 

we can see that there exist constants Ci and C2 such that 

sup|Kfj(s,x,j)|<T^, 1^1,2, = 1,2,3. 

Then we conclude that 
1 



(4.16) 



Thus 



M=l,2,3 



- E ((a^®l)e-^^^^--^^^-%,Xf (.,x,j)</:'g)ei^'([0,oo),ds). 



2m 



Hence the lemma is proven. 



□ 



Lemma 4.15 We have 



||Tppf(-K||eL^(M^), / = 1,2. 
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Proof: It follows that 



\\Tppf\k)cp,\\ < ^ E ^ffl=|(A;xe(A;,j)).||IK®lV, 

M=l,2,3 J2u;pF{k) 



and 



Since ^/copp^, (p/ -^/oJpp £ -L^(R^), the lemma follows. □ 

Lemma 4.16 Suppose that * e L>(ifpF,o) n ® 1) ano? ifpp^' e D{\x\ ® 1). 

T/ien /or = 1, 2, 3, 

(1) (x^ ® 1)* e L'(i7pF), 

(2) [x^ (g) 1, i/pp]* = — (p (g) 1 - e^^)^*. 

m 

In particular, it follows that {x^ ® l)(/?g e ifpp with 
i 



(p 1 - e^^),,(^g = [x^ (g) 1, -ffpp](^g = (-ffpp - £;(i?PF))(x,, (g) l)(^g. 
Proof: See Appendix 5.5. □ 

Lemma 4.17 Assume (PFl). Then 

f \\{Hpp -E{HpF)+upF{k))-^TpFf {k)fj^dk< oo, 1 = 1,2. 
Proof: Note that by Lemma 4.16 
Tppf\k)^, 



1 


-ikx 


m ^ 


1 

J2upp{k) 


1 




m ^ 


1 

J2ujpp{k) 


1 




m ^ 


1 

I2ujpp{k) 



e ^^''e{k,j) ■ {-im)[x (g) l,Hpp]ipg 
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Hence we have 



^ ^^(2_e(A;, j)(^PF - E(Hpf) + u;pF{k))-^e-"'^(HpF - E(Hpp))(x l)(^g 

^ i '^(^) e{k,j){Hpp - E{Hpp) + ujpp{k))-^ 
^J2upp{k) 

x{HpF{k) - E{Hpp))e-"'^{x ® l)(^g, 

where we used that e^^^ maps D^Hppg) onto itself (see Appendix 5.5) and on 
D{Hpp), 

= 7r^(p ® 1 + /c - eA^ f + V ® 1 + 1 (g) i/f - -^((T (^l)-B^ 
2m 2m 

= Hpp + — (pO 1 - e>l^) • A;+ 

m 2m 

Thus we have 

\\{Hpp - E{Hpp) + ujpp{k))-' {Hpp{k) - E{Hpp)) e-'''^%x^ ® 

< \\{Hpp-E{HpF)+LOp,ik))-\HpF-E{HpF))e-''''{x^®l)^g\\ (4.17) 

+ \\{Hpp - E{Hpp) + u;pF{k))-^-{p 1 - eA^) ■ A;e-*'=^(x^ l)(^g|| (4.18) 

777- 

+ ||(iJpF - E{Hpp) + u;pF{k))-'^\k\^e'''''-'{x^ ® l)<^g||. (4.19) 

We have 

1(4.17)1 <||(|x|®l)(^g|| (4.20) 

and 

1 \k\^ 1 

Note that by (4.14), 

II (p 1 - eA^)^{HpF - E{Hpf) + cjpF(A;))"Vgll 
< c'l ||(iJpF — E{Hpp)){HpF — E{Hpf) + a;pF 
+4||(i/pF - £;(i/pF) + c^PF(A;))-Vgll 
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Then 



1(4.18)1 < -|/c|(c; + -^m\x\ ® l)^g|| = -{c[\k\ + ® l)ip,\\. (4.22) 

/(t "^PF l,"" ) '''' 



Together with (4.20), (4.21), (4.22), we have 



< 3^^== fl + + - Wl^l + 4)1 \m ® l)v^gll- (4.23) 

Since ^/iJjp^(p, (p/ -^to-p-p e L^(M^), 

/ ||(i^PF - E{Hpp)+ujpF{k))-^Tppf{k)^^\\'dk < oo (4.24) 
follows. Moreover we have 

^ 3 \m\ I,, 1 II 

2"^ j2ujpF{k) ^pf(/^) ^ 



Hence 



' IkJ. (4.25) 



2m 



^J2ijjpp{k) 



I \\{Hpp - E{Hpp)+ujpp{k))-^Tppf\k)^„fdk < oo (4.26) 

follows. Thus by (4.24) and (4.26), we get the desired results. □ 

Proof of Theorem 4.12 
Lemmas 4.14, 4.15 and 4.17 correspond to assumptions (B3), (B4) and (3) of 
Theorem 2.9, respectively. Then (4.9) and (4.10) follow from Theorem 2.9. By 
(4.23) and (4.25), wc have 

_ 2E,=i,2/m3 IK^pf - E{Hpp)+ujpp{k))-'Tpp{k)^^)^^fdk 



< 6eM <( 3 



2 

2 



J I 2m y2u;pF(/t) 
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Since, by Lemma 5.3, 



we obtain 

y 2 E,=i,2/«3 ||(gpF - E{Hpf) + iuMk)r'TMkY'W\'dk _ ^ 

ilHl sup G 1 1 1 1 o — ' 

Thus (4.11) follows from Theorem 3.6. □ 
Remark 4.18 Although, in [27], formula (4-10): 

i=i,2-^«' 

has been used to show m{Hp) < 2, there is no exact proof to derive this formula in 
it. See Subsection 1.3. 

In [27] it has been also proven that 2 < m(ifpF) under some conditions on V. We 
state a theorem. 

Theorem 4.19 In addition to (PFl) — (PF3) and (V), we assume m.{H^) = 2 and 
V{x) = V{—x). Then there exists a constant e*** such that for e with \e\ < e***, 
m{HpF) = 2. 

Proof: m(ifpF) < 2 follows from Theorem 4.12 and 2 < m.{Hpp) from [27]. We omit 
details. □ 

4.3 Concluding remarks 

We can apply the method stated in this paper to a wide class of interaction Hamil- 
tonians in quantum field models. Hamiltonian i^cD of the Coulomb-Dirac system is 
defined as an operator acting in 

^CD = ^f(©"L2(M3)) ^ j^^(L^(R^x{l, 2})), 

where J7(®^L^(#)) denotes a fermion Fock space over ®'^L2(K^). The Coulomb- 
Dirac system describes an interaction of positrons and relativistic electrons through 
photons in the Coulomb gauge. Operator Hqb is of the form 

HcD = i^f ® 1 + 1 ® dT{ucD) + ei^rad + e^ifcoulomb, 
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where iff denotes a free Hamiltonian of ^f(©^L^(]R^)), locb the multiphcation op- 
erator by a;cD(^) = I^L -f^rad, -f^Couiomb interaction terms. Hcb has been inves- 
tigated in [11], where the self-adjointness and the existence of a ground state are 
proven under some conditions. It is known that m(i7f) = 1. Then using the method 
in this paper we can also show 

m{HcD) < m(i/f) = 1, 

i.e., the ground state of Hcb is unique for a sufficiently small e. We omit details. 

5 Appendix 

5.1 Proofs of (3.5) and (3.6) 

Proposition 5.1 ((3.5) and (3.6)) We have ipg e D{h]I^), Qipg e D{h]I^) and 

HfQ<p, = Qh'J'<P,. (5.1) 
Proof: From the fact that the form domain Q{H) of H satisfies 

DiH)GQiH)^D(Hl/'), 
it follows that ip^ e D{h]I^). Since [e-*^o^',g] = 0, we have 
Q-tHQ _ ^ e — 1 

Q^s = Q V'g, t > 0. (5.2) 

1/2 

Since ipg e D{Hq ), we see that 

g-t«o — 1 ^2 

— - — 'Pg^-QHo (fig. 

1/2 

Hence the left-hand side of (5.2) converges, which implies that Q(pg E D{Hq ) and 
(5.1) follows. □ 

5.2 Proof of (3.10) 
Proposition 5.2 ((3.10)) Assume that 

y |/3(^,^)-/3o(vl/,Vl/)| 

lim sup — — = — — — - — = 0. 5.3 
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Then for z E C with Qz ^ 0, 



Proof: Set 



We have 



lim||(i/q-^)-i-(i/o-^)-i-0. 



< (1 + \g\a)Po{Ko^, i^o*) + blK^o*, ^o*) 

<c{gmr, 



where 



C{g) :=l + |^|(a + 6). 
Then KoH^^Ko is a bounded operator and 

WKoH^KoW < C{g). 

Since the range of Kq equals to D{Hq ), we have from (5.3) 

mKo^, Kq^) - /3o(i^o^, i^o^)| _ ^ 

By (5.4), i.e., 

/3(Xo*, i^o*) = (*, KoH^Ko-^) 

and 

/3o(i^o*,i^o*) = (*,i^o^oi^o*), 

(5.5) implies that 
Hence we obtain that 

hm\\KoiH^-Ho)Ko\\^0. 
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Moreover, for 2; e C with Qz ^^0, 

< \{{H^ - z)-'^, H^{H^ - z)-'^)\ + a\g\Po{{H^ - z)''^, {H^ - z)''^) 
+b\g\{{H^-zr'^,{H^-z)-'^). 



Then 



\\H'J\H^-z)-'n' 

^Po{{H^-zr'^,iH^-z)-'^) 

^ rz^ { i^^^ - ^)"'*' ^^^^^ - ^)"'*) 

+b\g\ {{H^-z)-'^',{H^-z)-'^)} 



roo I I 

<d{gmf. 



1 \+\g\h ^ 



where 



d{g) sup 



1 A+|^|6 



Thus we see that 

\\K^\H^ - z)-'\\ < \\Hf{H^ - z)-'\\ + \\{H^ - z)-'\\ <^) + ^:= D{g). 
Directly we have 

\\{H^-z)-'-{Ho-z)-'\\ 

< \\{H^ - z)-'K^^\\\\Ko{H^-Ho)Ko\\\\K^\Ho - zY'W 

< D{g)D{0)\\Ko{H^-Ho)Ko\\. 

By (5.6) and the fact 



^ijnD{g) < 00, 



we obtain that 



hm \\{H^ - z)-^ - {Ho - z)-'\\ = \miD{g)D{0)\\Ko{H^ - Ho)Ko\\ = 0. 

g— >0 g-*0 

Thus the proposition is proven. □ 
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5.3 Proof of Proposition 4.10 

Proof of Proposition 4. 10 

We sec an outline of a proof. See [15, 21] for details. It is enough to show that 
for an arbitrary e > 0, there exists a vector e D{Hpp) such that 

{Hpp - iE{H^p) + e + E{h^))^,) < 0. (5.7) 

We identify jFpp with ©^JF^), i.e., ©^jF^-valued L^-function over M^. Let / be 

a ground state of hp. Assume that / is real and ||/|| = 1. For e > 0, let 

finite 

= E ® (5.8) 
m 

be such that e C~(m3), e ®'^J^tin and 

{<^>„H^^<^,)<E{H^^)+e. (5.9) 

Actually, since the hnear hull of vectors such as (5.8) is a core of Hpp, there exists 
$e such as (5.8) satisfying (5.9). Note that f^e £ ^- Let 

Uy ■= e'yP (g) 1, ye M.\ 

We can see that fUy^e £ D{Hpf) and 

:= (/f/,$„(i7pF-(i?(i/^F) + e + i?(M)/[/,$,)^p, 
= {{^,{x), (i/^F$e)(a;))e^^. - (^(^^) + eme{ml^r,}fi^ - vfdx 
+ / ($e(^), ((P «) l)$J(x))e2^J(x - ?/)(p/)(x - y)dx. 

Note that fUy^e and Hpp^ofUy^e are strongly continuous in y. Then is contin- 
uous in y. We have 

/ , ^ydy 

= dyj^^ dx{{^,{x), {Hlp^,){x))^.r, - {E{H^p) + e)\\^e{x)\\l.^^} f{x - yf 
= j^^ dx{{^,{x), (//°p$,)(x))e2^, - {E{Hl,^) + e)||$,(x)||^.^J 

= ($„(i/°p-(^(i/°F) + 6)$,)<0. 

Here we used that ||/|| = 1, and by the fact that / is real, 

/ f{x - y){p,f){x - y)dy = {f,p,f) =0, = 1, 2, 3. 
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Thus we conclude that there exists e such that Qj^g < 0, which yields that 

(i/pF - {E{Hl^) + e + E{h^))fUy,^,) < 0. 
The proof is complete. □ 

5.4 Proof of Lemma 4.11 

We show a more general lemma than Lemma 4.11. 
Lemma 5.3 Assume the following facts. 

(1) \im\^\^^V_{x) = Ko < oo- 

(2) A positive function G satisfies that 

(i) G e C^{R^\J\f) n C(M^) with some compact set M, 

(ii) sup^gji3\Ar iVGlx)! < oo, 

(iii) G'V. e LZiR'), 

(iv) lim|^|^oo = o? < oo with some I > and d> 0. 



(3) Eku. > V, 



oo- 



Then there exists a constant Cexp such that 

sup M£^<<^. (5.10) 

Proof: This proof is a generalization of [15]. Let X\x\>r ^ C°°{W') be a function 
such that X\x\>r{x) = for |x| < R, and X|a;|>i?(2^) = 1 for > R + 1. Since J\f 
is compact, X|a;|>RG e C^(IR^) for a sufficiently large R. Since (1 — X\x\>r)G is a 
bounded operator, it is enough to prove (5.10) with G replaced by X|a;|>-R^- We 
reset X\x\>rG as G. 

(1) Suppose that G e C^(M^). Then we have 

1 

2m ' 

The left-hand side above is 



(GvPg, (i/pF - E{Hpp))G^^) = — (<^g, |VG| Vg 



(G'(^g,(//pF-£;(i/pF))G(^g) = {Gip„{iH^^-EiHp^)) + v}G^,) 

> EunWG^J^ + {G^^,VG^^) 

> Eun\\Gip,f + iG^„-V_G^,).. 
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Hence 



Let e satisfy 



(5.11) 



There exists R such that 



^bin - V^o - e > 0. 



\V_{x) - Kol < e, \x\ > R. 



Let 



Then 



and 



a := sup G^(x)VJx), b := — sup \VG(x)\^. 

2m 



\x\<R 



a + b 



\\G<p,r < 



Ml 



(2) Suppose that G e C°°(m3). Let x e C°°(r3) be 



X{x) := < 



(5.12) 



f 1, 


\x\ 


< e{x), 


1 < 


[ 0, 


\x\ 



such that d6{x)/dxn < 0, fj, — 1,2,3, sup^g,j3 \d{x)\ < 1 and sup^g,j3 |Vx(3:^)| < c 
with some constant c. Define x„(x) := x(j:/n') and set 



Note that 





Gn '■— 


XnG. 








[0, 


\x 


< 




|VXn(x)| = < 


< cn 




< 


x\ < 2n^, 




. 0, 




> 


2n'. 



(5.13) 



It follows that by (5.11), 



EunWGnifigW^ < —{(fig, |VG„|Vg) + {Gn(Pg,V-Gn(Pg). 

zm 



Since 



I VG^I^ = I Vxn ■G^\^ + \xn ■ VG„|2 + 2(Vx„ • G^) • (x„ • VGJ, 
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we have by (5.13) and assumption (iv) of (2), for sufficiently large n, 
1 



^ 1 c2 /■ , . 1 

' '<|a;|<2n' 

1/2 



< (|(2c2d/m) + b + ^J%c^dh/m}j \\ip^f. (5.14) 



1 ^ c- 
+ — 



Moreover 



sup Gl{x)\V{x)\ < sup G\x)\V{x)\ = a. 

a;|<_R |a;|<i? 



Thus we obtain that 



(£^bin-Ko-e)||Gn¥'g||' < ( 6 + a + (2c'd/m) + ^8c^db/m) (5.15) 



Since G„ is monotonously increasing in n and lim„_^oo G^n(a;) = G{x), by (5.15) and 
the Lebesgue monotone convergence theorem, we see that G||<^g(-)||^b e L'^i^^) and 



|2 



jim ||G„(^g||2 = lim^j^^Gn{xf\\(Pg{x)\\%Jx = \\Gip 
In particular by (5.14), 

Thus (5.12) follows for G G C°°. 

(3) Suppose that G G C^(m^). Let p e C^(M^) and p > such that J^s p{x)dx 
1. Set pg = p(-/e)e~^. Define 

:= * G. 

Since G^ e C°°{R^), we have 

where ae and 6^ are a and b with G replaced by Ge, respectively. Note that 
sup Ge{x) = sup / p(2;)G(j: — ez)dz < sup G(x), 

|a;|<i? \x\<rJ«-^ \x\<R' 
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with some R' , and 



sup |VGg(a;)| = sup 



/ p{z)WG{x - ez)dz 



< sup \VG{x)\, 



which yields that 

a, < sup G^{x)\V{x)\ := a', < b. 



\x\<R' 

Hence we obtain that 



Prom this, 



hminf ||Ge</?el| < oo 

follows. Since 

hminf 11^^ = G'{x)y,{x)\\%^, 

Fatou's lemma yields that G'||(^g(-)||jFb G L^(m^) and 

\\G^,r < hminf < ( ) 

Then 



follows. The proof is complete. □ 

Remcirk 5.4 It can be also proven that (pg e D(e^l^l ^ 1) for some (5 under some 
conditions on V , e.g., V{x) — —e^/\x\. See [15, 21]. 

5.5 Proof of Lemma 4.16 

Proof of Lemma 4-16 

We prove the lemma for // = 1. Proofs for = 2, 3 are the same as that of // = 1. 
Let e = (a, 0, 0) e R^. We see that e*^^ maps D(ifpF,o) onto itself. Thus 

e'^'^HpF-^ = i/ppe^"^* + (i^PF(e) - i/ppje"^*, * e D{Hpf^o), 

where 

^PF(e) := 7^^(p 1 + e - e^^) + 1/(g)l + l(8i/'f- -^(a ^ 1) ■ 
Zm zm 

= i/pp + — (p (8) 1 - eA^) • e + -^|e|^. 
m 2m 
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We have 



\ a J \ a I a 

By the assumption we see that 



/ g":-^ — i \ 

s-hm LffpF^ = i(a;i (g) l)i/pF*. (5.16) 

a->0 \ a I 



Directly we see that 



^(ifpF(e)-ifpF)e-^* = Q^^®l-"^^)^ + 2L")"^''* 



{—{p 1 - e - eA^)i + -^a) * 
Vm 2m / 

^ -(p®l-eA^)i^ (5.17) 

m 

strongly as a — > 0. From (5.16) and (5.17) it follows that 

I ^' = iixi (g) 1)^ (p 1 - eA^)i^. 

a j m 

Since i^pp is closed and 

s - lim ( I ^ = i{xi (g) 1)^, 

it follows that {xi (g) 1)^ e D{Hpf). Thus (1) of Lemma 4.16 is proven. Let 

oo 

* e 5 Co"°(M^; C') ® [0 ®^Co~(R^)]. 

n=0 

Then we have 

[{xi ® 1), i/pp]* = -(p 1 - eA^)i*. (5.18) 
m 

Hence 

||[(xi®l),//pF]*||<c||(i/o + l)'/'*|| 



follows with some constant c. Then the closure [{xi (g) 1), ifpp] [5 is well defined on 
D{Hq^'^) and satisfies 



[{xi (g 1), Hpp]^ = — (p (g 1 - e^^)i* 



m 



for * e D{Ho^^). In particular, 



[(xi g) 1), -ffpF](^g = [{xi (g 1), ifpp] Is'Pg = — (p g) 1 - e^<^)i(^. 



m 



follows, since (pg e -D((xi (g 1)Hpf) n D(ifpF(xi g) 1)). □ 

Acknowledgements I am very grateful to A. Aral and M. Hirokawa for useful comments and 
discussions. 
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